I. INTRODUCTION
The dynamics of turbulent jets and plumes depends on their source conditions and on the efficiency of turbulent entrainment of the surrounding fluid into the mean flow. Quantifying turbulent entrainment is key in assessing the rate of dilution and the rising height of natural and industrial jets and plumes. In volcanology, for example, entrainment plays an important role in the evolution of the eruptive column, and controls both the production of pyroclastic flows on the ground and the rate and the height of injection of volcanic gas and ash in the atmosphere.
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A large body of experimental and theoretical works on axisymmetric turbulent jets and plumes is available in the literature. In their seminal paper, Morton et al. 3 introduced the concept of entrainment coefficient, defined as the ratio of the lateral velocity of fluids engulfed in the flow to the vertical mean flow velocity. The values of the so-called "Gaussian" entrainment coefficient, α G , are obtained by measuring the vertical velocity and fitting it by Gaussian functions. Such measurements in axisymmetric jets and plumes 4 have shown that entrainment is enhanced by positive buoyancy in plumes. 5, 6 Recently, Carazzo and co-workers 7, 8 proposed a theoretical expression of α G that depends a) Author to whom correspondence should be addressed. Electronic mail: paillat@ipgp.fr 045110-2 S. Paillat and E. Kaminski Phys. Fluids 26, 045110 (2014) both on buoyancy (either positive or negative) and on the distance from the source. Their formalism accounts well for experimental measurements and observations on jets, plumes, and fountains, 9, 10 and has been applied successfully to immiscible fluids 11 and reactive flows. 12 Planar turbulent jets and plumes occurred also often in nature, for example, in the case of basaltic fissure eruptions, on Earth 13, 14 and on other planets, 15 or in the case of the discharge of rivers into quiescent water. 16 However, they have not been the subject of as numerous and comprehensive studies as axisymmetric jets and plumes. For example, in their review, Fischer et al. 17 gave α G = 0.035 ± 0.001 for pure planar jets and α G = 0.070 ± 0.001 for pure planar plumes, but no models have been proposed so far to explain these values. Furthermore, to our knowledge, no experiments have been performed on planar negatively buoyant plumes yet. Our general goal is to provide a theoretical framework able to account for the effect of buoyancy and of potential self-similarity drift in planar jets and plumes, and to apply it to the modelling of geological turbulent flows. As a first step, we focus here on the behaviour of pure jets (i.e., driven only by their initial momentum, and without buoyancy forces).
The majority of experimental constraints on the entrainment coefficient in turbulent planar jets have been obtained at small and intermediate distances from the source (5 < z/d < 150, where z is the vertical distance from the source and d the source width). Determinations of α G relied first on the measurement of opening angle of the jets from velocity profiles obtained by hot-wire anemometry.
18-21 Kotsovinos 22 and Ramaprian and Chandrasekhara 23 later obtained complementary data using Laser Doppler Anemometry. All these studies, performed at source Reynolds number, Re 0 , larger than 1000 yielded a similar average value of α G ≈ 0.03. However, from a detailed review of the literature, Kotsovinos 24 rather concluded that α G was a function of distance from the source up to z/d ≈ 200, where it reached a constant value α G = 0.042.
More recently, Namer andÖtüngen, 25 Suresh et al., 26 and Deo 27 measured the opening angle of jets for various Re 0 . They found that the value of α G varied from 0.072 for Re 0 ≈ 250, to 0.024 for Re 0 > 6000. Deo 27 experimentally studied the influence of the aspect ratio (width/length) of the source on α G . At Re 0 = 16 000, he showed that the entrainment coefficient varies between 0.016, for an aspect ratio of 20, to 0.032 for an aspect ratio of 72, which is consistent with the value of α G given in the literature for higher aspect ratios and states that the entrainment coefficient does not depend on this parameter for such high aspect ratio.
In order to understand better the relative influence of this jet Reynolds number and distance from the source on the rate of entrainment in turbulent planar jets, we performed new experiments at small and large distances from the source, ranging from z/d = 40 to z/d = 1000, and at small source Reynolds numbers, ranging from Re 0 = 60 to Re 0 = 420. To interpret our experimental results as well as those from the literature in a common framework, we developed an expression for the entrainment coefficient derived from the theory of Priestley and Ball 28 and Kaminski et al. 7 for axisymmetric jets and plumes. Our results emphasize the key role played by the turbulent Reynolds stress on entrainment, and imply that second order refinements are required to explain the values of α G measured at low Re 0 (<500). We propose that these second-order contributions can be calculated from the axial terms of the Reynolds stress which are often negligible in 2D turbulent jets.
II. ENTRAINMENT COEFFICIENTS IN PLANAR TURBULENT JETS

A. Review of literature data
Planar "pure" jets are turbulent free shear flows produced by a linear source of momentum infinite in one direction. They have no density anomaly relative to the ambient fluid, hence they are driven by their momentum flux only and no buoyancy forces are at play. The flow is bi-dimensional and can be described in a (x, z) plan, where z is the vertical direction, and x lies in the horizontal plane and is normal to the direction of the linear source, y.
Entrainment in turbulent planar jets and plumes is measured from the evolution of the vertical velocity profile in the flow as a function of z the vertical distance from the source. Previous studies have shown that the velocity w(x, z) at distances from the source z > 5d (with d the source width), is well described by a Gaussian function,
where b w is the (1/e)-width of the profile, and w m is the velocity on the jet axis (x = 0). Following the approach of Morton et al., 3 the mass and momentum conservation equations in pure planar jets are written as
with α G the "Gaussian" entrainment coefficient. The solutions of these equations are
with b w 0 and w m 0 values at the source (z = 0). From these expressions, the entrainment coefficient is determined locally as
We report in Table I values of the entrainment coefficient computed from the plot of b w against z * . The data show that, for source Reynolds number, Re 0 , higher that 3000, the entrainment coefficient displays a rather well-defined average value of 0.030 ± 0.006. The data are more variable at lower source Reynolds numbers, and α G tends to increase when Re 0 decreases, up to α G = 0.072 ± 0.006 for Re 0 = 250. This conclusion may seem at odds with the intuitive idea that entrainment should increase with increasing turbulence intensity, and could also be related to an evolution of selfsimilarity in the flow as a function of both Re 0 and distance from the source. To test this hypothesis, we performed experiments at low Re 0 (<500) and at small and large distances from the source.
B. Experimental measurements of the entrainment coefficient
In our experiments, turbulent linear jets are generated by the injection of fresh water through a line source in a 45 × 30 × 30 cm 3 glass tank filled with fresh water (Figure 1 ) through eight small pipes to ensure a homogeneous supplying of the slot. To study the flow at large distances from the source, we use a slot width d of 0.2 mm (with an aspect ratio of 925) allowing measurements within a range of dimensionless distances relative to the source, z * = z/d, between 200 and 800. To characterize the flow at smaller dimensionless distances from the source, we use slot widths of 1 mm (with an aspect ratio of 185) and 0.5 mm (aspect ratio of 370) and performed measurements in the range 40 < z * < 150 (d = 1 mm) and 80 < z * < 250 (d = 0.5 mm). The aspect ratio is always high enough not to influence the measurement of α G . 27 In the three cases, we use flow rates Q between 0.5 and 5 l min −1 , which correspond to source Reynolds numbers between 50 and 450. For PIV measurements, the fluid is seeded with glass hollow sphere particles (LaVision 110P8) with a mean diameter of 11.7 μm and a median of 8 μm. Videos of the jets are recorded with a camera at a frame rate of 40 Hz with 2000 frames (it has been checked from longer recording and ensures the convergence of the measures), and Davis TM software is used to compute the instantaneous velocity in the flow by standard PIV methods. We use an interrogation window of 16 × 16 pixel with an elliptic weighting 4:1 and an overlap of 50% for the calculations of the correlations. We then calculate both the Reynolds-averaged velocities and their turbulent fluctuations using MATLAB TM programs. Figure 2 shows pictures of turbulent jets at similar Re 0 but for two different slot widths, hence at two different distances from the source. The pictures show two different types of evolution of turbulence: (a), corresponding to small z * , shows some meandering, whereas turbulence appears more regular in (b). Hence entrainment is likely to be different in the two cases. With the maximum frame rate used in the experiments, we cannot measure the velocity in the near-source region with a satisfying accuracy. We determine the range of z * where the measurements of velocity is correct by plotting the momentum flux M = b w w 2 m which should be constant in a pure jet against z * . We then measure b w and w m , the 1/e-width and the centerline velocity of the Gaussian fits (Figure 3 ) in the range of constant M which are plotted in Figure 4 . The entrainment coefficient α G is deduced from these plots and shown in Table II as a function of the source conditions and distance from source.
Our results are quite variable and do not show any systematic variation of α G as a function of Re 0 . Furthermore, the maximal value we found for α G is 0.046, whereas Suresh et al. 26 obtained α G = 0.072 for similar Re 0 . Our values are more consistent with the ones obtained for Re 0 > 1500 in the literature (α G between 0.029 and 0.045) and tend to be close to the highest values reported in these studies. To develop a quantitative interpretation of these results, we now follow the approach of Kaminski et al. 7 to derive an explicit expression of α G as a function of the velocity and turbulent stress profiles.
III. THEORETICAL MODEL OF ENTRAINMENT IN PLANAR JETS
A. An explicit expression for the Gaussian entrainment coefficient α G Following Priestley and Ball, 28 we introduce u = u + u the velocity along the x-direction and w = w + w the velocity along the z-direction, with u and w their Reynolds time-averages, and u and w their turbulent fluctuations. At large Reynolds numbers, the time-averaged local mass and momentum conservation equations are written as 
where τ = −ρu w is the turbulent shear stress which accounts for entrainment, 28 and ρ is the fluid density. We combine the mass and momentum equations to rewrite the momentum equation as
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and we integrate the mass and momentum conservation equations (7) and (9) subject to u( where Q(z) and M(z) are the mass and momentum fluxes per unit length, respectively, defined as
In Eq. (10), the limit of u when x → +∞, which quantifies entrainment in the jet, is not known a priori. Morton et al.
3 avoid the use of this limit through the introduction of a "Top-Hat" entrainment coefficient α TH defined through
The Top-Hat entrainment coefficient has a similar meaning as the Gaussian entrainment coefficient defined above, and is equal to √ 2πα G . To obtain an explicit expression for the entrainment coefficient, we introduce the conservation of the vertical kinetic energy, 28 
∂ ∂z
The integration of this equation subject to the same boundary conditions as for the integrations (10) and (11), yields
We then introduce the shape functions of the vertical velocity and of the turbulent stress,
where x * = x/b w (z), with b w (z) a characteristic length scale of the width of the jet. The integration of the conservation equations using these profiles introduces four dimensionless integrals:
that are used to write the conservation of the kinetic energy (16) cases larger than the expected theoretical value of 0.03 (i.e., corresponding to C/2). In the present formalism, this discrepancy implies that additional contributions to entrainment must be taken into account. We thus propose to introduce the second-order contribution of the axial components of the Reynolds stress to entrainment, which can be seen as a "production term" usually neglected.
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C. Second-order model of turbulent entrainment
We now write the momentum and kinetic energy equations, with the addition of the axial terms of the Reynolds stress,
∂ ∂z
η=x/z We use the experimental profiles to evaluate the order of magnitude of the second-order contributions of the axial terms of the Reynolds stress tensor to entrainment. The first contribution, J 1 , scales as (w 2 − u 2 )/w 2 m and is of order 10 −1 , thus can be neglected compared to I 2 which is of order unity, hence A * ≈ √ 4/3. We evaluate the order of magnitude of the second contribution J 2 using the following scaling:
where τ ax m is the value of τ ax at x = 0, obtained from the evolution of the axial terms of the Reynolds stress with z * , illustrated in Figure 7 . The average resulting contribution of the axial terms of the Reynolds stress, B/2 ≡ J 2 /2I 3 is ≈0.013. As illustrated in Figure 6 this contribution is large enough to account for the difference between measured α G and previous estimates based on "classical" Reynolds shear stress (i.e., C/2). Furthermore, we find that the contribution to entrainment of the axial terms ranges between 0 and 0.012 for HZ and IZ experiments and can be up to 0.026 for LZ experiments. This result can be taken as an indication that the flow tends to be fully self-similar (i.e., B/2 tends to 0) when the distance from the source increases. However, the evolution to self-similarity appears too slow at low Re 0 (<500) for this contribution to be neglected in our experiments, even at the largest distance from the source. This result is in line with those obtained by Deo et al. 32 at Re 0 > 1500 where they stated that Re 0 is a key parameter for the development of the turbulence and that the self-similarity is achieved further when Re 0 decreases.
IV. CONCLUSIONS
Our experimental study of turbulent entrainment in planar jets at small source Reynolds number shows that the entrainment coefficient α G cannot be described by a single value. A significant variability is observed at small and at large distances from the source, and no systematic evolution is observed as a function of Re 0 . We show that this variability can be quantitatively interpreted as the contribution to turbulent entrainment of the axial terms of the Reynolds stress. This contribution is expected to be zero in fully self-similar jets at high, as the ones corresponding to Re 0 > 1500, where the entrainment coefficient can be considered constant with a value α G = C/2 = 0.030 ± 0.005. At low Re 0 the development of self-similarity is too small for such a regime to be observed, even at large distances from the source. The question put forward by George 33 about the influence of source conditions on the self-similarity of axisymmetric jets seems them to be quite relevant in planar turbulent jets.
